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Evaluation of radiative matrix elements for the harmonic
oscillator

T L Chowt
Department of Physics, University of California, Davis, California 95616, USA

Received 25 April 1980

Abstract. A double generating function, ¢ (¢, ¢'|Z), for the harmonic oscillator function
Y (r) is first derived. We then apply ¢ (¢, ¢'|Z) to obtain a double generating function,
P(klst) for the radiative matrix elements

2

Pn(k)= | [ 1n(e0,7) explik. 1y 0]

To obtain explicit matrix elements we expand P(k|st) in powers of s and ¢ and pick out terms
proportional to s"t"™,

1. Introduction

The radiative matrix elements of the harmonic oscillator in which we are interested is of

the form
2

P (k)=

j 0 () () exp(ik . 7) do

where ¢, is the harmonic oscillator wavefunction. As an example, in the problem of
scattering of relativistic electrons by light nuclei where the spin—orbit coupling is
somewhat less, the average nuclear potential is commonly chosen to be the harmonic
oscillator potential well whose constants are adjusted to give approximately the right
radius and energy level spacing for single-particle excitations. Then the evaluation of
P...(k) with ¢, as the harmonic oscillator wavefunction is a major task. Inthe following
a simple method for evaluating P,,, for a harmonic oscilator is presented. First, a
double generating function for the harmonic oscillator wavefunction is derived. We
then apply it to obtain a double generating function P(k|s¢) for the radiative matrix
elements P,..(k). To obtain the explicit elements we expand P(k|st) in powers of s and ¢
and pick out terms proportional to s"t™, as shown in detail in the last section.

2. Double generating function for the Hermite functions

The double generating function for the harmonic oscillator function ¢, is

(¢ ¢12) =Zn', Un(E)n(£)Z" 1)
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where £ = X/a and a = (1/mw)"/?. Applying the harmonic oscillator wave equation

(__g___g ) (€)= —(2n + 1), (&)

to (¢, £'|Z) yields

(&) 06 £12)=-@n s DO 012

d ,
=~(2za—+ 1) 6 £12)
12
(-7 0t 612). @
Let
D ¢1Z) =exp3A(E°+ &%)+ BeE' + C A3)

where A, B and C are functions of Z. Substituting equation (3) into equation (2), we
finally find

1+aZ?
A=z @
Waz
and
e€ =b/(1~az?HV? (6)

where a and b are constants to be determined later.
Putting equations (4), (5) and (6) into equation (3), ®(¢, ¢'|Z) is given explicitly by

b 11+aZ? . 2Vaz )
NZ)=——57 ' :I: 7

6 £12) = Topmmenn( 3 [ agr €+ 2Tt ™
This is all the information that can be obtained from the harmonic oscillator wave
equation. The remaining information must be from normalisation. For example, set

£=¢, and integrate with respect to ¢:

® b = 1+aZ’ , 2\/_Z
[ o206 | _ewo( [T s agat’) dt
no 1
“LZ'=177 ®)

where we have assumed that | ¢2(¢)d¢ =1 and |Z|<1.
For the integral to exist, Re[(1 +aZ 3/(1-aZ 2)] >0, in which case
1 b J - bV
exp[—(1vaZ)*¢*(1 —aZ?) 2] dg = ————j 9)
1-Z (1-az?)? P (1¥VaZ)

hence b = 1/«/1r and va=. Therefore with Re[(1+2%)/(1-Z%]>0

1 11+ "
016, §12) = e (5 1122 64 1 it 10)
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with {Z|<1. Here we would like to emphasise that

1+2% _ ((1+Z)1-Z*) 1-1Z}
Re(1—zf)‘ ( n-z7F )‘;1-2212’

(11)

which is greater than zero if and only if | Z]< 1.

Since this is also the condition for the convergence of the series (1-Z Yl=3,2"
the integral and the series converge together only for |[Z|< 1. |Z|<1 is therefore a
sufficient condition for the validity of equation (10). Whether it is always necessary has
not been investigated.

3. Double generating function for the radiative matrix elements
The radiative matrix elements for the harmonic oscillator is

2
Po (k) = [ [ Un () () explik . F) do

= J. drj Ar' i (P (P (r Yo (1) exp[—ik . (r — )], 12)

The technique for finding P, rests on the fact that P, = Ppn P n,Pm.», and that the
double generating function for P,,, is defined as

Plklst)= Y, P.s"t"

mn=0
(m)(n)
= Z__o Sntm z Z PMx"mey"meznz (13)

where " means the triple sum over all non-negative values of the integers m,, m,, m,
subject to the limitation that m, +m, +m, = m, and

2

Pon. = jwmxwmx e gl |

(14)

Now 2,05 S is exactly the same as S, —oZm, =02 m, =0, =0 Zny =0 Zm, =0 and

: +m +
s"t™ can be written as s™="" "M ™M therefore

a product of three similar function of k,, k,, and k,. If we call

glkilst) = r;f:os"xt’"xp,,,x,,x, (16)
then (equation (15) becomes

P(k|st) = gk«|st)g(ky|st)g(k.|s?). 17

P... is independent of the orientation of «. (See Appendix for discussion.)
Now the fact that P,,, is independent of the orientation of kX means that P,,, and
hence P(k|st) is a function of k = |k| alone. Therefore g(k,|st) must contain k, only
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through a factor exp(—k2f(st)). Now

glk.lst)= J dx I dx' explik,(x —x)] nZO §" Y () (x") 20 Y X (x)

= [ e [ ag expliak. (¢ - 10 Els)oE €10 (18

where @ is given by equation (10).
Substituting & explicitly into equation (18), we get

[- <] [ <]

1 ’
g(kilst) = #l(1-s)(1 -] L, o .L, 4

X exp[-iakx £-¢) -% (if—j;%) &+ 5'2)]

<ot (023

Transform to
E=(n+n")/V2 £'=(n-n")/V2, (20)

which is a rotation about the origin in the xy plane through an angle m, so that
d¢ d¢'=dn dn’ and £*+¢7=n"+n", ¢&'=5(n"~n"), and

B 1 * (-5 2
etk = =) 4 ()

® 1-st
xj dn’ exp(iakxx/-Z_n ———s——-in'z)

_ (1-s)1-¢
1 = 1-st 2 72
Tl =)A= 7 Lo dn e"p{ '[((1 +s)(1+t)) "] }
* ' VLY ' _ 1 =t 2
<[ _an'exp(iv2aken ss) 1)
Using [g e**** dx =v7r/2a and a >0, equation (21) reduces to
N 1 m(l+s)(1+ t))”2
gllst) = A A= AT ( 1-st
* —~ 1-—st
' \/ A .
xj_w dn exp(l zak,m (1—s)(1—t)n’2) (22)
If we call
I St 1 , -
S=aTyiy" | eI =V2ka (23)
ie.

(1-90 —t))”z

Fe= 2k (S (24)
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then
_ 1 a(1+9)(1+0\"? (A =s)1 =)
glk/ ”)"w[(1—s2)(1—:2)]"2( 1-st ) ( 1-st )
XJ dy exp(iak,y — 7).
Now

J' dj exp(~7°>+ik.y)= J dy exp[—(j —3ik,)* —3k2]= vVm exp(-5k2).

Equation (25) becomes

glke/st) = (1=s1) exp(

azkzx(l -5)(1 -t))
2 1—st ’
and we get

a’k* 1-s)1~- t))

P(k|st)=(1~s1)7 ""‘p( 2 1—st

which is the double generating function for P,,,.

4. The matrix elements

3403

(25)

(26)

@n

(28)

To obtain explicit matrix elements we expand P(k|st) in powers of s, ¢ and pick out
terms proportional to s"t™. Since transitions with given energy transfer AE =
(n —m)hw are of principal mterest we should like to group the transition in terms of

N=n—mand M=n+m. Let
a=(0""  B=(s/0"%

then, from (13), we have

P(k|st) = Z (aB)" (a/B)" Prn

mn=0

X o
= Z Z aMBNP(M-N)/z(M+N)/2
M=ON=—M
NZ_I BY+8™) Z a P(M NY/2(M+N)/2+
Now
(kist)
Pn(kla)= §2 BtN-H dg = Z a™P (rt-ny/20mnyy2-
Using equation (28), Py (k|a) is also given by

2
Pr(kfey=§ LR, g - etk (e )/ (1)

y §exp{ a’k[a/(1- a)](zaw‘l)}
2mBN+

_expl- —3a’k*(1+a?d)/(1-a?]. /a’k’a
(1-a?? I( 2)

1-«a

(29)

(30)

(31)

(32) .
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where Iy is the modified Bessel function of the first kind, order N:

(LZ)N+2n
WO~ L TN

Pn(kle) is the generating function for all probabilities of transition with energy
change AE = Nhw. The power of a represents the sum of the principal quantum
numbers in the transition. For example, from equation (32) we have
exp[-a’k’a?/(1-a?)] & [3a*k’a/(1-aH)"*

(1-a%)’ #Zo nl(n +1)!

=3a’k*a +a’(2a’k* -a*k* + LatkS) +. . ., (34)

(33)

Pi(kla) exp(3a’k?) =

and from equation (31) we have

P(k]a)=a'P01+a2P§§+a3P12+.... (35)
Hence

Po; =3a*k? exp(—3a’k?)

Piz=0

P, =a’k*(2-3a%k? +15a*k®) exp(-—%‘azkz),
and so on.

Appendix. Rotational invariance of P,,,

Write
Ung(F) = Y, (X)W, ()0, (2) n=n,+n,+n,.

B symbolises the remaining numbers needed to specify a single quantum state. Since
the Hamiltonian is a scalar, it commutes with any rotation operator R (4, ¢, ¥), and
Ry,.g must be a linear combination of all states with the same energy. Orthogonality
with respect to B is then sufficient to prove that Ry, = 2 UY3,s where U™ is a
unitary matrix in the indices (B, 8'). Consequently

; Ung (D)na () = £ (rl, |7}, 0) | (A.1)

where p =|r—r'|. We see that f, can only be a function of the three lengths r, 7', p, for it
transforms into itself under the operator of a rotation operation R:

Rfn = 8 Bz’gn Ugtﬂ)"pnﬁ'(r) U(an)"wnﬁ"(r,)

= BZ Ung (r) g (r') = fo. (A.2)
This is sufficient to prove that

2
Prm=, l j Uma(F)a (0) explik . 7) do
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is independent of the orientation of k. First, any re-orientation transforms ¢,n, ¥ng by
unitary matrices which cancel out of the sums over « and 8. Secondly, any change in
can be balanced by a rotation of r, which obviously has no effect because of the
preceding argiment. The proof simply consists of rewriting

P.= f dv I dv'falr, ', p)fm (P, 1, p) explik . (r—1")]

o © r+r :
=8"2[ rer r dr’j p dp(gz—ﬁ))fn(r, v p)fmlr', rp)
0 0 Jr—r| P

which makes its symmetry obvious.



